Abstract. Let M be a smooth 4-manifold which admits a genus g C ∞ -Lefschetz fibration over S 2 , and assume that all of the vanishing cycles of this fibration are nonseparating curves. We show that M can be obtained as an irregular simple 3-fold cover of an S 2 -bundle over S 2 , branched over an embedded surface. Moreover, for g = 2, we show that M is a cyclic 2-fold cover of an S 2 -bundle over S 2 , branched over an embedded surface.
Introduction
The realizability of closed, smooth, oriented manifolds of a given dimension as branched covers of a fixed manifold has been a much-studied topic in low-dimensional topology. Despite some progress ( [Mo] , [P] ), a conjecture of Montesinos that every closed, smooth, orientable 4-manifold is a simple 4-fold cover of S 4 branched over an embedded surface remains open. In addition, it is natural to ask about branched covers over other simple building blocks, such as CP 2 , CP 2 , S 2 × S 2 , and connected sums thereof. (See also [Ki] , Problem 4.113.)
Another construction in smooth 4-manifold topology is that of a smooth Lefschetz fibration (defined below), a notion which is the smooth analog of the kinds of holomorphic fibrations by (possibly singular) complex curves found on complex algebraic surfaces. Recent results in symplectic topology suggest that C ∞ -Lefschetz fibrations provide a topological characterization of symplectic 4-manifolds: Donaldson [D] has shown that, after perhaps blowing up, a closed symplectic 4-manifold admits a Lefschetz fibration, and conversely Gompf [G] has shown that most C ∞ -Lefschetz fibrations are symplectic. A C ∞ -Lefschetz fibration on a smooth 4-manifold M gives rise to a concrete handlebody description of M , making it amenable to topological study.
In this paper, we show that if M admits a C ∞ -Lefschetz fibration over S 2 by surfaces of genus g with the property that all of the vanishing cycles are nonseparating curves, then M can be obtained as a simple irregular 3-fold cover of S 2 × S 2 or S 2 ×S 2 (the nontrivial S 2 -bundle over S 2 ), branched over an embedded surface. In addition, if g = 2, then M may in fact be obtained Date: July 22, 1998 . 1991 Mathematics Subject Classification. 57R55, 57R65, 57M12.
as a 2-fold cyclic cover of S 2 × S 2 or S 2 ×S 2 , branched over an embedded surface.
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1. Preliminaries 1.1. Branched Covers. In this section, we review basic facts about branched covers. We work in the smooth category. A branched cover is a proper smooth open map π : M n → N n between n-manifolds which is finite-to-one. The set of all points in M where π fails to be a local diffeomorphism is called the singular set of the branched covering, and its image in N is called the branch set. We assume that the branch set is a smoothly embedded codimension 2 submanifold of N . The maximum cardinality of the preimage of any point in N is the degree of the branched covering. Two branched cover-
A degree k branched covering with branch set B determines a representation
where S k denotes the symmetric group on k letters. The representation λ is viewed as describing the motion of the k points of π −1 ( * ) as one traverses a loop in N − B. If λ maps the generators of π 1 (N − B, * ) to transpositions, π is called simple; this is equivalent to the assumption that all point preimages of π contain at least k − 1 points.
In the case of a simple degree k branched cover Σ g → S 2 , where Σ g denotes a connected 2-manifold of genus g, there is a particularly straightforward description. The branch set necessarily consists of 2g + 2k − 2 points, and writing B = {x 1 , . . . , x 2g+2k−2 } and selecting loops r i enclosing each x i so that the r i 's generate π 1 (N −B, * ), we may construct the particular branched cover corresponding to the representation that maps r 1 , . . . , r 2g+2k−2 to (12), (12), . . . , (12), (12), (23), (23), (34), (34)
respectively. A classical theorem of Hurwitz asserts that this is the unique (up to equivalence) simple degree k branched covering Σ g → S 2 . (See [BE] for modern proofs of these statements.) We refer to this as the standard branched covering Σ g → S 2 .
We will need the following Theorem, which discusses the behavior of selfhomeomorphisms of Σ g with respect to branched covers. Theorem 1. Let Σ g be a connected 2-manifold, let π : Σ g → S 2 be a simple branched covering of degree at least 3, and let f : Σ g → Σ g be a homeomorphism. Then there exist homeomorphismsh : Σ g → Σ g and h : S 2 → S 2 such that f is isotopic toh and the diagram
This theorem is due to Hilden [Hi] for k = 3, and Berstein and Edmonds [BE] for general k ≥ 3.
Remarks . 1. The proof of Theorem 1 is based on expressing π as the standard covering, and showing that a collection of standard generators for the mapping class group of Σ g are lifts under this covering of homeomorphisms of S 2 . If g = 2, it is easy to see that standard generators of the mapping class group of Σ 2 lift under the standard cyclic 2-fold covering Σ 2 → S 2 (i.e. the covering associated to the representation that maps all generators to (12)). Hence Theorem 1 is true also in the case g = 2 and k = 2.
2. The homeomorphisms h : S 2 → S 2 in Theorem 1 are explicitly constructed "disk twists," namely they are 180 • rotation of a small disk neighborhood of an arc connecting two points of the branch set with a common associated transposition. As a result, we may assume that h fixes the collection of branch points setwise, and that h preserves the associated transposition of points in the branch set.
Smooth Lefschetz Fibrations.
We begin with a definition.
Definition . Let M be a compact, oriented smooth 4-manifold, and let C be a compact, oriented 2-manifold. A proper smooth map f : M → C is a (C ∞ -) Lefschetz fibration if there exist points x 1 , . . . , x µ ∈ interior(C) such that (1) {x 1 , . . . , x µ } are the critical values of f , with p i ∈ f −1 (x i ) a unique critical point of f , for each i; and (2) about each p i and x i , there are complex coordinate neighborhoods such that locally f can be expressed as f (z 1 , z 2 ) = z 2 1 + z 2 2 . It is a consequence of this definition that
is a smooth fiber bundle over C − {x 1 , . . . , x µ } with fiber diffeomorphic to a 2-manifold Σ g , and so we also refer to f as a genus g Lefschetz fibration. Two genus g Lefschetz fibrations f :
We also always assume that our Lefschetz fibrations are relatively minimal, namely that no fiber contains an embedded 2-sphere of self-intersection number −1. If f : M → S 2 is a smooth genus g Lefschetz fibration, then we can use the Lefschetz fibration to produce a handlebody description of M . Let
is a smooth Lefschetz fibration. We select a regular value x 0 ∈ interior(D 2 ) of f , an identification f −1 (x 0 ) ∼ = Σ g , and a collection of arcs s i in interior(D 2 ) with each s i connecting x 0 to x i , and otherwise disjoint from the other arcs. We also assume that the critical values are indexed so that the arcs s 1 , . . . , s µ appear in order as we travel counterclockwise in a small circle about x 0 . Let V 0 , . . . , V n denote a collection of small disjoint open disks with x i ∈ V i for each i.
To build our description of M , we observe first that (2) in the definition of a Lefschetz fibration requires that H 2 1 is attached with a framing −1 relative to the natural framing oñ γ 1 inherited from the product structure of ∂V 0 . (See [K] , [GS] for proofs of these non-trivial statements, and for more on the topology of Lefschetz fibrations.) For intuition, one should picture the singular fiber f −1 (x 1 ) as being obtained by gradually shrinking the circleγ 1 to a point using the disk obtained from the core of H 2 1 ; the circleγ 1 is traditionally dubbed a "vanishing cycle." In addition,
) is diffeomorphic to a Σ gbundle over S 1 whose monodromy is given by D(γ 1 ), a righthanded Dehn twist aboutγ 1 .
Continuing counterclockwise about x 0 , we add the remaining critical values to our description, yielding that
where each H 2 i is a 2-handle attached along a vanishing cycleγ i in a Σ g -fiber in Σ g × S 1 with relative framing −1. Furthermore,
is a Σ g -bundle over S 1 with monodromy given by the product
i ) via a Σ g -fiber preserving map of the boundary. This extension is unique up to equivalence for g ≥ 2, or for g = 1 if there is at least one vanishing cycle that is a nonseparating curve on T 2 . [K] .
Remarks . 1. Although the description of the monodromy corresponding to each individual critical value x i as a Dehn twist depends on the choice of arc s i , other choices of arcs (and of the central identification f −1 (x 0 ) ∼ = Σ g ) do not change the Lefschetz fibration on M 0 , up to equivalence.
2. We may also reverse this description to construct C ∞ -Lefschetz fibrations, as follows. Starting with an ordered collection of curvesγ 1 , . . . ,γ µ on Σ g , with D(γ 1 ) · · · D(γ µ ) isotopic to the identity, we may construct a smooth 4-manifold M 0 by forming (
), each with framing −1 relative to the product framing on Σ g × S 1 . M 0 admits a C ∞ -Lefschetz fibration over D 2 . Since ∂M 0 is a trivial Σ g -bundle over S 1 , we may then attach Σ g × D 2 to M 0 using a Σ g -fiber preserving map of their boundaries, producing a genus g C ∞ -Lefschetz fibration over S 2 .
The Main Theorem
We are now ready to prove our main theorem.
and assume that all of the vanishing cycles of this fibration are nonseparating curves. Then M is an irregular simple 3-fold cover of S 2 × S 2 or S 2 ×S 2 , branched over an embedded surface. (b) Let M → S 2 be a genus 2 C ∞ -Lefschetz fibration, and assume that all of the vanishing cycles of this fibration are nonseparating curves. Then M is a 2-fold cover of S 2 × S 2 or S 2 ×S 2 , branched over an embedded surface.
Remarks . It has long been known that every elliptic (g = 1) Lefschetz fibration over S 2 with at least one singular fiber may be obtained as a 2-fold branched cover of S 2 × S 2 . This follows from Moishezon's classification of elliptic Lefschetz fibrations [Ms] . It is known that a genus 2 C ∞ -Lefschetz fibration where all vanishing cycles are about nonseparating curves must have 10n singular fibers, for some integer n ≥ 1 [Ma] . Smith has recently shown that every such genus 2 C ∞ -Lefschetz fibration is a 2-fold branched cover of S 2 × S 2 when n is even, and is a 2-fold branched cover of S 2 ×S 2 when n is odd [S] .
Proof. Assume first that g ≥ 3. Using the description of M from the previous section, let M 0 denote the submanifold of M given by attaching µ 2-handles to Σ g × D 2 with attaching circles corresponding to vanishing cycles γ 1 , . . . ,γ µ , each attached with framing −1 relative to the induced framing coming from Σ g × S 1 . Let π : Σ g → S 2 denote the standard simple 3-fold covering, and write the branch set as B = P ∪R, where P = {x 1 , . . . , x 2g+2 } and R = {x 2g+3 , x 2g+4 }. Then π × id : Σ g × D 2 → S 2 × D 2 is a simple 3-fold cover as well, with branch set the 2g + 4 disks (P ∪ R) × D 2 . Note that the representation associated with this covering sends meridians of disks in P × D 2 to (12), and meridians of disks in R × D 2 to (23).
The base of this branched covering is shown in Figure 1 . In this Figure, description of the complement of the 0-framed unknot as D 2 × S 1 , with the S 1 factor given by a meridianal circle, we see the 2g + 4 branch points in each D 2 × {pt.} on the boundary of each meridianal disk. Our next task is to extend this branched covering to M 0 .
Lemma 3. Letγ ⊂ Σ g be a nonseparating curve. Then after an isotopy of γ, there is an arc γ ⊂ S 2 with endpoints in P and otherwise disjoint from P ∪ R, with π −1 (γ) consisting ofγ union an embedded arcγ ′ . In addition, (a) π|γ is a 2-fold branched cover of γ; and (b) π|γ ′ :γ ′ → γ is a homeomorphism.
Proof of Lemma 3. There is a homeomorphism of Σ g taking the curve α pictured in Figure this homeomorphism is isotopic to a homeomorphismh of Σ g which is the lift of a homeomorphism h of S 2 fixing the sets P and R; that is, the diagram commutes. Setting γ = hπ(α) completes the proof of the lemma.
Since each vanishing cycleγ i is a curve in Σ g × {pt.} ⊂ Σ g × S 1 , we can apply Lemma 3 to each one to produce an arc γ i ⊂ S 2 × {pt.}. For each γ i , we then add a band to the branch set of Figure 1 whose core is γ i , and which differs from the band γ i × (pt. − ǫ, pt. + ǫ) ⊂ S 2 × S 1 by one lefthanded half twist. See Figure 3 . This new surface in S 2 × S 1 may contain ribbon singularities, as shown, and following [Mo] we refer to this surface as a ribbon manifold. We may push the interior of this ribbon manifold into the interior of Σ 2 × D 2 to produce an embedding, and since the bands connect disks each belonging to P × D 2 , we may consider the simple 3-fold branched cover of S 2 × D 2 branched over this new surface.
Proposition 4. The simple irregular 3-fold cover of S 2 × D 2 branched over the ribbon manifold constructed above (with its interior pushed into the interior of S 2 × D 2 ) is diffeomorphic to M 0 .
Proof of Proposition 4. This follows immediately from the proof of Theorem 6 of [Mo] , modified slightly for our setting. For completeness, we summarize the argument and refer the reader to [Mo] for additional details. From Lemma 3, a regular neighborhood ν(γ i ) in S 2 × S 1 lifts under π × id to the disjoint union of regular neighborhoods ν(
with attaching circlesγ i and relative framing −1, via h i : (∂D 2 × D 2 ) i → ν(γ i ). Additionally, we define g i : H 2 i → H 2 i /V to be the 2-fold cover induced from the involution V :
We may assume, after an isotopy, that the involution h i V h −1 i on ν(γ i ) agrees with the involution (π × id)| ν(γ i ) arising from Lemma 3, hence this involution extends over H 2 i . Letting ρ i : ν(γ i ′ ) → ν(γ i ) denote the homeomorphism obtained from Lemma 3, we can then form the map
. This map is a simple 3-fold cover whose branch set is isotopic to the ribbon manifold above; the half twist in the bands above are required due to the assumption that each H 2 i is attached with relative framing −1. However, the addition of the 4-balls H 2 i /V to domain and range does not change the manifolds, so we have constructed a simple 3-fold cover (
. Finally, it remains to extend the branched covering by M 0 to all of M . From Proposition 4, we have constructed a simple 3-fold cover M 0 → S 2 × D 2 . Let ϕ : ∂M 0 → S 2 × S 1 denote its restriction to the boundary. The branch set of ϕ appears as the link L in S 2 × S 1 that is the boundary of the ribbon manifold branch surface in S 2 × D 2 . The half twist placed in each band above ensures that L is isotopic to a closed braid L ′ , or in other words that each L ′ ∩ (S 2 × {pt.}) consists of precisely 2g + 4 points. This braid records the motion of the 2g + 4 branch points of π as we apply the monodromy D(γ 1 ) · · · D(γ µ ) while traversing the S 1 factor of S 2 × S 1 . Each ϕ| ϕ −1 (S 2 ×pt.) : ϕ −1 (S 2 × pt.) → S 2 × pt. is thus the standard simple 3-fold cover of S 2 by Σ g , and we may use pϕ :
is isotopic to the identity, and using the isotopy to adjust the gluing. By Lemma 3, h fixes the singular set of π, so setting f = (π × id)F ϕ −1 gives a commutative diagram
Furthermore, since h is isotopic to the identity, it fixes the singular set of π pointwise, i.e. L ′ is a pure braid. Therefore,
describes M as a simple 3-fold cover of an S 2 -bundle over S 2 , and the branch set is the closed surface obtained by attaching the disks (P ∪ R) × D 2 ⊂ S 2 × D 2 to the ribbon manifold produced in Proposition 4. This proves part (a) of the Theorem. Assume now g = 2, and let π : Σ 2 → S 2 denote the usual 2-fold cyclic branched cover over a set P of six points. In light of the remark following Lemma 1, we have the following improvement of Lemma 3.
Lemma 5. Letγ ⊂ Σ 2 be a nonseparating curve. Then after an isotopy of γ, there is an arc γ ⊂ S 2 with endpoints in P and otherwise disjoint from P , with π −1 (γ) consisting ofγ, and with π|γ a 2-fold branched cover of γ.
Given a genus 2 Lefschetz fibration, we may use Lemma 5 to "symmetrize" the vanishing cycles with respect to the 2-fold covering π × id : Σ 2 × D 2 → Σ 2 × D 2 , precisely as in the previous case. The remainder of the argument from part (a) then easily adapts to prove part (b).
An Example
Theorem 2 is constructive, since given a C ∞ -Lefschetz fibration, one may use the proof to explicitly determine its realization as a branched cover of S 2 × S 2 or S 2 ×S 2 . We illustrate this theorem by constructing a genus 3 C ∞ -Lefschetz fibration, and drawing the branch set used in a description of it as a 3-fold cover. For convenience, let a i , b i , d i , e i denote righthanded Dehn twists about the curves α i , β i , δ i , ǫ i , respectively, in Lemma 6. The composition of Dehn twists
(1) about the indicated curves on Σ 3 is isotopic to the identity.
Proof. The following well known braid relations
are satisfied in the mapping class group of Σ 3 . In addition, Dehn twists about disjoint curves clearly commute. Using these facts,
By writing
substituting (2), and relentlessly employing moves as in the derivation of (2), one can similarly show
It is known [MP] that
Since it is also known that (a 1 b 1 a 2 b 2 a 3 b 3 ) 14 is isotopic to the identity [Bi] , the Lemma follows from
(from (4)) Let M denote the genus 3 Lefschetz fibration constructed according to (1). Figure 5 shows arcs in S 2 that lift as in Lemma 3 to the indicated closed curve. These arcs provide a prescription for attaching bands to the branch set in Figure 1 , in the order given by (1). Doing this results in the surface shown in Figure 6 . (For artistic reasons, the bands corresponding to d 2 and e 2 are drawn relative to the blackboard framing rather than the product framing.) M 0 is thus obtained as the 3-fold cover of S 2 × D 2 branched over the surface pictured in Figure 6 . The remainder of the branch surface appears as ten meridianal disks in the "other" S 2 × D 2 forming the S 2 -bundle over S 2 , with each disk attached to a component of the boundary of the branch set in Figure 6 .
Remark . This example shows the necessity of having a 3-fold covering in our argument: the curves δ 2 and ǫ 2 are not lifts under a 2-fold cyclic covering Σ 3 → S 2 of arcs in S 2 .
Final Remarks
One consequence of our theorem is that it transfers the topological characterization of symplectic 4-manifolds as Lefschetz fibrations to a characterization in terms of 3-fold branched covers of S 2 -bundles over S 2 . In fact, the ribbon manifold branch surfaces we construct are quite special. They are constructed by attaching bands with a specified twist to disks in P × D 2 , and the branched cover M 0 → S 2 × D 2 corresponds to the representation that sends meridians linking (P × D 2 )∪ bands to (12), and meridians linking R×D 2 to (23). We call such a ribbon manifold in S 2 ×D 2 a Lefschetz ribbon manifold. Moreover, our Lefschetz ribbon manifolds have the property that on the boundary, the 3-fold branched covering of S 2 × S 1 is Σ g × S 1 . We call such ribbon manifolds allowable. Since M 0 may be closed off uniquely up to equivalence to form M , we in fact have by [G] an association of a symplectic 4-manifold to every allowable Lefschetz ribbon manifold in S 2 × D 2 (assuming at least one band if g = 1). Conversely, given a symplectic 4-manifold, after blowing up it admits a Lefschetz fibration [D] , and if all of the vanishing cycles of that fibration are nonseparating, one may associate to it an allowable Lefschetz ribbon manifold. Thus the study of when a Lefschetz ribbon manifold is allowable, and of when two allowable Lefschetz ribbon manifolds yield the same branched cover provides a combinatorial approach to studying symplectic 4-manifolds.
